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Abstract

In structural biology, Small-Angle Scattering experiments (SAS) are unique, because

although they provide low resolution data, they can be performed in closer-to-native condi-

tions than those arising in X-Ray crystallography. A number of questions on SAS, however,

remain unsolved, particularly in the light of modelling ensembles of conformers in solution.

In this article, we study the ensemble average and covariance of SAS profiles analytically.

Using this ensemble covariance, we demonstrate the hierarchical nature of SAS profiles.

Furthermore, we show that the information content is not uniform and reaches its maximum

in the intermediate q range. The arguments are generalized using microsecond-scale

molecular dynamics trajectories of the lysozyme and on an ensemble of the intrinsically dis-

ordered protein p15PAF. We show that for highly flexible systems, the SAS profile is a repre-

sentation of the ensemble of conformers in solution, and not that of one conformer in

particular.

Introduction
Biologicalsmall-anglescattering(SAS)of X-rays(SAXS)or neutrons(SANS)hasregained
interest,judgingby thetechnicalimprovementsmadeto beamlinesrecently[1, 2]. SASexperi-
mentsareeasierto performandin closer-to-nativeconditionsthanX-raycrystallography.
Therefore,SASis in auniquepositionfor structuralbiologists,andthegeneralizationof in-
houseSAXSexperimentswill only strengthenthisposition.

HoweverconvenientSASexperimentsare,theyonly providealimited amountof informa-
tion. Theyarethereforeoftencombinedwith otherexperimentsto reachatomicresolution
[3]. It is frequentto extractanumberof parameters,suchastheradiusof gyration,thePorod
exponent,or thevolumeof correlation[4±8].Simpleparameters,suchasthosextractedfrom
Kratkyor Porod-Debyeplots,canbeusedto assesstheflexibility of amacromolecule[9].
Whethertheseor otherparametersareindependentof eachother,andhowtheyrelateto the
maximumnumberof independentpointsin aSASprofile [10±12]hasnot beenstudiedin-
depth.
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It isalsobecomingclearthatSASmeasuresconformationaldiversity[13].More than60%of
all articleson thetopicof SAXSensembleshavebeenpublishedin thelastfiveyears,followingthe
developmentof anumberof methodsfor ensemblemodelling(EOM [14],MES[15],BSS-SAXS
[16], EROS[17], SES[18] andBE-SAXS[19]. In thesemethods,theSASprofile isalmostalways
modelledasaweightedaverageof theprofilesof theindividual conformations.Thedifferent
methodsdiffer by thewaytheyselecttheweights,andthenumberof conformations.

Thesemethodsarebestsuitedto describeasmallnumberof well-definedconformations
presentsimultaneouslyin solution.However,caseswhereconformationsvarycontinuously
from oneto theotherareto betreatedwith muchmorecare.Asnotedearlyon [14,15],the
obtainedensembleis thenillustrativeof thediversityof possibleconformations.Thenumber
of conformationsthesemethodsproposearethennot necessarilyto betakenasgranted,
becausetheconformationsareexpectedto haveastronginternalvariability[20]. In that
respect,EROS[17] goesfurther in modellingcontinuousmotion,becauseeachconformation
isalreadyanaverageoverapotentiallylargenumberof structures.Yet,thenumberof parame-
ters,whichin essenceis threetimesthenumberof atomstimesthenumberof structures,still
becomesverylargefor suchsystems,andtherisk of overfitting isnot negligible.Themost
promisingapproachin that respectis therecentlyproposedBE-SAXS[19]. It proposesagen-
erativemodelfor theproteinensemblefitted on experimentalSAXSdata.Thismodeltherefore
controlstheexpansionof thenumberof parameters.Yetit isunclearhowthatnumberof
parameterscanbeextractedfrom it, andhowto summarizetheobtaineddistribution.Clearly,
additionalwaysto representcontinuousconformationalvariabilitywouldbewelcomein the
field.A first stepis thereforeto describehowstructuralvariabilityaffectsSASprofilesin solu-
tion, which is theaimof thisarticle.

Materials and methods
Weusedthetwo 1 �s MolecularDynamics(MD) simulationsof thelysozymedescribedby
Po-chiaChenandJochenS.Hub [21], droppingthefirst 100nsin eachsimulation.Weper-
formedthemostlikely alignmentof theremainingframesusingTHESEUS[22]. Thisalign-
mentproducedaclash-freemedianstructurefor whichthemedianatomicfluctuationwas
� = 0.5�. It correspondsto thestructurein theinput whichisclosestto thecenterof theclus-
ter.Themedianstructureof thefirst simulationwastakenasthecenterstructurefor all analyt-
icalcalculations(andFigs1 and2).

Becausewedo not wantto discusstheimpactof solvationmodelson thecalculations,we
usedasinglemodel(FoXS[23,24]with � 1 = 1and�2 = 0) to computetheSASprofilesof all
structuresof thesimulations;moreaccuratesolvationmodelsshouldhoweverbeemployedfor
practicalapplicationswhenlongMD trajectoriesareavailable[21,25±27].Wereferto thisas
thecorrelateddataset.ThenumericalSASvarianceof thelysozymewasthenobtainedbycom-
puting thevariancematrix of theseSASprofiles.Wedo not expectothersolvationmodelsto
beverydifferentfrom thetwo casespresentedhere.

Extensionto intrinsicallydisorderedproteinswasperformedon thep15PAFensemble
[28], availablein theproteinensembledatabaseundertheaccessioncodePED6AAA.Weused
theexperimentalprofile of p15PAF,andthe4939structurescomprisedin theensemble.Indi-
vidualSASprofileswerecalculatedwith FoXSusing� 1 = 1 and� 2 = 0.63.

Results

Ensemble average and covariance of SAS profiles
In thisarticle,werelatetheSASprofilesof conformersarisingnaturallyin solutionthrough
thermalmotion. Westartwith theDebyeformulaof thescatteringintensityatmomentum
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transfer� � 4� sin �/�� (scatteringangle2� andwavelength��) for anatomicstructurecompris-
ing � atomswhosecoordinatesdefinethevector�
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where� 	
 is theEuclideandistancebetweenatoms	 and
 and�	 (�) is theform factorof atom	
at � [29]. Formfactorsusedin this formulamustincludevolumeexclusionandsolventeffects.
Their definition isnot atrivial taskandfallsoutsideof thescopeof thisarticle.

Wenowtreat� asarandomvectorhaving3� components.To modelthermalmotion we
assumethat � followsaNormaldistribution aroundameanstructure � with adiagonal
covariancematrix suchthatatom	 hasvariancet 2

	 alongeachof its coordinates.Thissimplify-
ing assumptionallowsusto obtainanalyticalformulñ; it is thesameasthatusedfor the
Debye-Wallertemperaturefactors[30,31].Wediscussgeneralizationsthereoffurther down.

Average intensity
Theaverageintensityiscomputedby takingthemathematicalexpectation�(…�� …�††of the
intensity� � (�) over�. Usingthelinearityof theexpectationin theDebyeformula(Eq1),we
have
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X

	

�	 …�†2 ‡
X

	6ˆ


�	 …�†�
…�†�(
��� …��	
 †

�� 	


� �
…2†

Therefore,weseektheaverageof ��� …��	
 †
�� 	


for anypair of atoms	 and
. It canbeshownthat in

thiscase,thedistance� betweenthesetwo atomsfollowsanoncentral�! distribution with

Fig 1. Lysozyme average SAS profile and standard deviation. Average SAS profile in blue dashed line,
left axis, in arbitrary units, Eq 6. Standard deviation in solid red line, right axis, in arbitrary units, square root of
Eq 11 with qi = qj. All calculations use � = 0.5 �cand FoXS form factors with c1 = 1 and c2 = 0 [23, 24].

https://doi.org/10.1371/journal.pone.0177309.g001
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threedegreesof freedom,whoseprobabilitydensityfunction is
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where� �
	
 is thedistanceobtainedwhentheatomsareat their averagepositions(seeS1Text).

Without anyapproximation,wethushave
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Thisequalitycanthenbeinsertedin theDebyeequationto yieldtheSASprofile of theensem-
bleof conformationscenteredatstructure � describedby thenormalrandomvariable�, now
referredto as������
 ������
�.
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Fig 2. Contou r plot of lysozym e SAS profile correlati ons. The correlations are given by �!(qi, qj) (Eq 10).
RG = 15.2 �c.Smallest correlation is -0.28 and is indicated by a blue dot. Calculations use � = 0.5 �cand FoXS
form factors with c1 = 1 and c2 = 0 [23, 24].

https://doi.org/10.1371/journal.pone.0177309.g002
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In thesimplecasewhereeveryatomhasthesamevariance� 2, wehave
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Thisresultwasobtaineddifferentlyin 1932byR.W. James[32], asrecentlyrediscoveredby
P.B.Moore[33], whogeneralizedit to anisotropicmotion (�.�., arbitrarydiagonalcovariance
matrix for �). It makesclearthat theSASprofile of thethermalensembledeviatesfrom thatof
its centerstructurefor momentumtransfervaluesaroundandabove1/�. For � � 1 �, this
effectisnot within themeasurablerangeof � values.However,in systemswith largedomain
movementsfor which � � 1 �, thiseffectbecomesof prime importance.Thefactthatmultiple
differentconformerscoexistin solutioncanthenbecapturedbySASexperiments.Indeed,the
SAScurveof  � is thennoticeablydifferentfrom thatof thethermalensemble.

In addition,supposethatour systemadoptstwo differentconformations� and�, andthat
eachof theseissubjectto thermalmotionswith deviations� � and� � suchthat � � � � � . This
canhappen,for example,whenthesystemismadeof two domainsconnectedbyalinker; �
wouldbethestatein whichthetwo domainsarein contactalongawell-definedinteraction
surface,and� wouldbewhenthedomainsdon't interact.Then,assumingno interactions
between� and� particles,theaverageintensityisaweightedsumof theintensitiesfor � and
�, eachof themgivenbyEq6.At low angle,theSASprofile containsinformation from both
conformations.However,becausetheSASintensitiesdecaymuchfasterfor large� values,the
SASprofile of � will dominatethatof � athighangle(assumingthepopulationsof � and� are
comparable).Therefore,in SAS,thehigher� gets,themorewefocuson well-definedconfor-
mations.Therecanbeanumberof them,but theymustbewell-defined.On thecontrary,con-
tinuousconformationalvariability ismorelikely only to benoticedat low � values.

Variance and correlation
In anycase,becauseconformationsof athermalensemblearerelated,thereexistanumberof
rulesthat link their SASprofilestogether.TheSASprofile of onesuchconformationcannot
deviatefrom Eq5 in anarbitraryway.This iswhatwenowshow,bycomputingthecovariance
�9…�� …��†;� � …��††ˆ �(…�� …��†�� …��††� �(…�� …��††�(…�� …��††betweentheSASprofile at � � and� �.

For thispurpose,weagainusetheDebyeformula(Eq1).Theexpectationof aproductof
intensitiesis
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when	,
,�,� describefour differentatoms.Therefore,thetermsthatdo not cancelout of the
covariancecalculationare1) when	 = � and
 = �, �.�., thecovarianceof adistancewith itself,
whichwecall��������������; and2) when	 = � and
 6ˆ�, �.�. thecovariancebetweentwo dis-
tancesthatshareacommonatom,whichwecall����������������.

First,similar to thecalculationof theaverageintensity,theautocovariancecanbegivenin
closedform. It howeverleadsto aformulathat isnumericallyunstable[34]. Second,thecross-
covariancecannotbecomputedin closedform becausetheprobabilitydensityfunction of the
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bivariatenoncentral�! distribution isnot known.Specialcasesexistfor thebivariatenoncen-
tral �!2 probabilitydensityfunction [35] andthecharacteristicfunction [36], but theexpecta-
tion still cannotbecalculated.

Wethereforeseekanapproximationto thisdistribution.A certainnumberof approaches
exist[34,37],but weuseamoredirectone(seeS1Text).It isbasedon aseriesexpansion
whenall distancesaremuchlargerthan�. Thebivariatenoncentral�! distribution is then
approximatedasabivariatenormaldistribution with meanvectord
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Usingthisapproximation,andto secondorder in �/� � , wecanexpressthecorrelationandthe
covariancebetweentheSASprofile at � � and� � (seeS2Text)
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In all caseswestudied,thestandarddeviation(SD)hasthecharacteristicshapeof Fig1
(solidredline,seealsoS3Text).TheSDstartsatzero,consistentwith thefactthat �(0) ispro-
portional to thenumberof electrons,andisnot impactedbyconformationalchanges.It then
quicklyreachesamaximum,andthendecreasesto aplateau.On arelativescaletherefore,the
standarddeviationrepresentsanon-monotonicallyincreasingproportion of thescattered
intensity.This finding isconsistentwith thosediscussedfor theaverageintensity(Eq5),
in that theconformationaldiversityiscapturedatwideangles.Wedo not expectdifferent
hydrationmodelsto producesignificantlydifferentstandarddeviations,unlessthey
hydratedifferentconformersof theensemblein adifferentway.However,in themostrealistic
cases,changesin conformationshouldcausethesolventshellto rearrange.Thewaterdensity
would thereforebeimpacted.Consequently,thestandarddeviationat �(0) couldbebe
nonzero.

Wenowfocuson thethecorrelationstructureof thesameSASprofile (Fig2). In all cases
westudied,correlationsarestrongcloseto thediagonal,andvanishwhenpointsarefar apart.
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It isalsofrequentto observeat leastonebasinwith negativecorrelations.Thefactthatpoints
thatareclosetogetherarehighlycorrelatedwasexpected.Indeed,thisobservationisasimple
consequenceof thepredictablenatureof SASprofileson veryshort� scales.

Conversely,pointsthatarefar apartseemto belargelydecorrelated.Thisfactdemonstrates
thehierarchicalnatureof SASprofiles[38]. BeingaFouriertransform,theSASprofile
describestheshapeat low angle.At higherangle,it startsdescribingthequaternarystructure
andsoforth. What theseresultssuggest,is thatSAScompartmentalizesthesedescriptions.
Althoughindividual atomshaveanonzeroscatteringcontribution alongthewholerangeof
� values,collectively,adifferenttrendemerges.Forexample,changesin thequaternarystruc-
ture thatdo not modify theoverallshapewill not affecttheonsetof theSASprofile.

Anotherstriking featurethatcanbeseenin Fig2 is that thebandwidthof thiscorrelation
matrix variesalongthediagonal.Thus,neighboringpointswill bemoreor lesscorrelated
dependingon their absolutepositionalongtheSASprofile.That is,thedensityof independent
pointsalongaSASprofile changesas� changes.In information theory,themutual informa-
tion of two randomvariablesquantifieshowmuchinformation onecarrieson theother.If we
taketwo neighboringpointsalongtheSASprofile, their mutual information is

�…��; � �†ˆ �
1
2

��� 1 � r…��; � �†
2

� �
…17†

If themutual information ishigh,� � and� � arestronglyrelated,andconsequentlytheinforma-
tion contentof theSAScurveis lowerin that region.But !(� �, � �) isdirectlyrelatedto theband-
width of thecorrelationmatrix.Therefore,theinformation contentisnot uniformly
distributedalongaSASprofile,andis largerwhenthebandwidthissmaller.

In all casesstudied(seealsoS3Text),thebandwidthis largeat low �, becomesminimal
between�" # * 3 � 6andthenbroadensagainathigher�, suggestingthat theinformation
contentfollowstheoppositetrends.Thisresultconfirmspracticalobservationsthat themid-�
range(�" # * 3 � 6) is themostusefulin structurerefinement,whilehigh-�, althoughbenefi-
cial,isnot asvaluable[39].

Extension to correlated motion
Theanalyticalmodeldescribeduntil nowmakesthesimplifyingassumptionthat thermaliza-
tion inducesindependentrandomnormaldisplacementsfor eachatom.Suchanassumption
hasstronglimitations [33,40].In particular,movementsin solutionareanisotropic,do not
follow anormaldistribution,andstrongcorrelationsbetweenatomsor evenproteindomains
canbeexpected.To alesserextent,thebivariatenoncentralchi distribution mustbeapproxi-
matedto still obtainanalyticalresults.Thissecond-orderapproximationimpliesthat the
resultingcovarianceformulñarenot exactbut nonethelessveryclose,andin anycasenegligi-
blecomparedto thatof theanisotropicmotion. In anycase,morerealisticrepresentationsof
thermalizationcanbeobtainedwith moleculardynamics(MD) simulations.Weusedthetwo
1 �s simulationsof thelysozymedescribedbyPo-chiaChenandJochenS.Hub [21], from
whichwecalculatedthevariancematrix.

Trendsin thestandarddeviationsaresimilarbetweencorrelatedandindependentmotion
(Fig3).Wesee,however,thatstandarddeviationsareup to threetimeslargerfor correlated
motion thanfor theindependentcase.Theyreach4%of theSASmeanintensityon average,
andcangoup to 7%at � = 0.28� �1 in thisexample.Theseproportionsarecomparablewith
theexperimentalnoiselevel,whichcommonlyrangesfrom 0.1%to 10%in currentexperi-
ments.Thisobservationsuggeststhatsomestructures,whicharisenaturallythroughthermal
motion, canhaveaSASprofile that isnoticeablydifferentthanthatof their relatives.
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Theyare,however,relatedthroughasetof ruleswhichwenowdescribeby lookingat the
correlations(seealsoS4Text).Again,thecorrelateddatasetisverycomparableto theindepen-
dentone.It hasapproximatelythesamelocationfor thesmallestcorrelationandthemostnar-
row bandwidth.However,wecanobservethat1) thesmallestcorrelationis roughlytwiceas
large,2) thebandwidthissmalleroverall,and3) newcorrelationextremaappearbetween
mediumandhigh-�. Wedo not expectthejustdescribedfeaturesto changesignificantly
betweentwo hydrationmodels.S4Textshowsthecorrelationmatrix obtainedfrom asecond
MD simulation.It is reasonableto expectthatachangein hydrationmodelwouldnot cause
largerdifferencesthanthoseobservedbetweenthesetwo simulations.

Thedepictedcorrelationscanbeunderstoodasforming asetof rulesthatmustbesatisfied
by theSASprofile of anystructurewithin thethermalensemble.It comesto no surprise,
therefore,that theregionwhichhasthehighestcoefficientof variation(� = 0.28� �1 ) is
theonewhichisalsothemostconstrainedby thecorrelations.If in someconformersof the
thermalensemble,theSASprofile deviatesby7%from theensembleSASprofile,thenin
doingsoit mustalsodeviatebothat low andhigh � in adirectionthat isdictatedby the
covariances.

Ascanbeseen,thevariancegrowswith thesquareof theatomicmotion (Eqs14and15).
For thelysozymewith correlatedmotion, thesevariancesarecomparableto experimental
noiselevels.For intrinsicallydisorderedproteinsin whichatomicmotion isanorderof mag-
nitudelarger,thiseffectdominatesthenoise,asshownin thecaseof p15PAF(Fig4,seealso
S5Text)[28]. Therefore,theSASprofile of suchaprotein isnot astaticsnapshotof oneof its
conformers,but insteadcapturesits wholeconformationalcomplexity.

Fig 3. Lysozyme standard deviation compar ed to signal and noise. Standard deviation of correlated
motion (i.e., first MD simulation) is dashed red line (see text for calculation). Standard deviation of
independent motion (square root of Eq 11 with � = 0.5 �c) is bottom solid red line. For reference, the
experimental SAXS profile of the lysozyme (top) and its standard error (bottom) are shown in blue (bioisis
code LYSOZP). Average SAS profile in the case of independent motion: top solid red.

https://doi.org/10.1371/journal.pone.0177309.g003
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Discussion
In thisarticle,wedescribetheinfluenceof continuousconformationalchangeson theSAS
profile of aproteinensemble.To computethequantitiesderivedin thisarticle,anatomicor
pseudo-atomicmodelof theprotein isneeded.TheydescribehowtheSASprofile of astruc-
ture ismodifiedif it isallowedto beflexible.TheresultingSASprofile thencontainsinforma-
tion on theconformationaldiversityaroundthatstructure.It ishoweverperfectlypossiblethat
thisensembleSASprofile bereproducedbyasingle,differentstructure.It isup to themodel-
ing expertto determinewhetherit makessenseto includeconformationalflexiblity in the
modelingor not. However,if theflexibleensembleandtheothersinglestructureboth fit an
experimentalprofile equallywell,Occam'srazorwouldcallfor adescriptionof thesystemby
thesimplermodel.Therefore,andasalreadynotedbyothers,ensemblemodellingshouldonly
beperformedif no satisfactorysingleconformationcanbefound.

In thesecondpartof thisarticle,thedescribedSAScovariancesareobtainedthroughalong
MD simulation.Caremustbetakenthat thissimulationis representativeof theconforma-
tional diversityin solution.Multiple simulationsshouldthenyieldthesamecovariancematrix.
Unfortunately,evenfor verylongsimulations,suchastheonesusedhere,smallcorrelations
areverydifficult to converge.In our case,thesecondlysozymesimulationhasthesameoverall
covariancestructureasdescribed(trendsin thevariances,behaviourof thebandwidth,loca-
tion of theglobalcorrelationminimum); but thereareanumberof differencesaswell:Stan-
darddeviationsareup to four timeslargerthantheindependentcaseandreachup to 10%of
theSASmeanintensityat � = 0.27� �1 . Also,correlationsbetweenmid andhigh-� rangesdo
not stabilize(seesupportingmaterial).Wesuspectthat thesedifferencesaremainlydueto the
factthat thesecondsimulationhasanenhancedloopmotion [21].

Fig 4. p15PAF experimen tal SAXS profile and ensemble average SAXS profile. p15PAF profile [28]
(PED code PED6AAA) in blue. Ensemble average SAXS profile in thick red (Eq 6). 68% (1�1)confidence
interval in red, (�� 6 �

••••••••••••
�� 11

p
). The deposited ensemble contains 4939 structures. Individual SAXS profiles

were calculated using FoXS with c1 = 1 and c2 = 0.63.

https://doi.org/10.1371/journal.pone.0177309.g004
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Wehoweverhopethat it will bepossibleto measuresuchamatrix experimentally,alleviat-
ing theneedfor anatomisticmodelof theprotein.Throughfreezingof theparticlesin space
with cryo-SAXS[41], it shouldbepossibleto measureSASprofilesof subsetsof thethermal
ensemble,andtheninfer theSAScovariancefrom them.Thisapproachwouldwork if the
solutionissufficientlydilutedsothat thebeamcaninteractwith asmallnumberof molecules,
detectingfluctuationsfrom thermodynamicaverages.Throughfreezingin time with theX-ray
freeelectronlaser,thecoherenceof thebeammight allowto reconstructtheSAScovariance
directly,asalreadydescribedthreedecadesago[42±44].In essence,sincefor thisexperiment,
thescatteringpatterncollectedon thedetectorisnot radiallysymmetric,correlationsbetween
andwithin annuli couldberelatedto thoseof theSASprofile describedin thisarticle.We
thereforehopethat futuredevelopmentswill makethemeasureof SAScovariancespossible.

Conclusion
In thisarticle,wehavestudiedSASprofile correlations.Wehaveshowntheyrevealthehierar-
chicalnatureof SASprofiles.Weprovidedevidencethatsomeportionsof theexperimental
SASprofile areaffectedbyensembleaveraging.Notethat theSASprofile correlations
describedherehavenothing in commonwith thoseestimatedin arecentarticle,whichare
correlationsof thenoiseof SASexperiments[45]. We,instead,estimatethecorrelationsthat
arepresentwithin thesignalitself.

First,asimpleharmonicmodelof thermalmotion allowedto obtainanalyticalexpressions
for thecorrelationbetweentwo pointsin aSASprofile.Second,theanalysisof recentlypub-
lishedmicrosecondMD simulations[21] allowedusto seethatmosttrendsin thecorrelations
areconservedwhenthermalmotion ismodelledwith morerealism.Third, on thep15PAF
structuralensemble[28], SASprofilesof differentconformationswithin thatensemblediffer
morethantheexperimentalerror barat �. Ensembleaveragingcanthereforebemeasuredin
that region.Last,webelievethat thesecorrelationscouldbemeasuredexperimentallywith the
helpof cryo-SAXSor free-electronlasers.

Our developmentsshowthatSASprofilesarehierarchical,in thesensethatsuccessive
regionsof theSASprofile aredecorrelated.Within theseregionshowever,theknowledgeof
SAScorrelationsisessentialto correctlydescribehighly flexiblesystems,suchasintrinsically
disorderedproteins.Webelievethat in thesesystems,theSASprofile aloneisnot enoughto
graspthesystem'sdynamics.
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