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Abstract

In structural biology, Small-Angle Scattering experiments (SAS) are unique, because
although they provide low resolution data, they can be performed in closer-to-native condi-
tions than those arising in X-Ray crystallography. A number of questions on SAS, however,
remain unsolved, particularly in the light of modelling ensembles of conformers in solution.
In this article, we study the ensemble average and covariance of SAS profiles analytically.
Using this ensemble covariance, we demonstrate the hierarchical nature of SAS profiles.
Furthermore, we show that the information content is not uniform and reaches its maximum
in the intermediate q range. The arguments are generalized using microsecond-scale
molecular dynamics trajectories of the lysozyme and on an ensemble of the intrinsically dis-
ordered protein p15PAF. We show that for highly flexible systems, the SAS profile is a repre-
sentation of the ensemble of conformers in solution, and not that of one conformer in
particular.

Introduction

Biologicalsmall-anglescattering SAS)of X-rays(SAXS)or neutrons(SANS)hasregained
interest,judgingby thetechnicalimprovementsnadeto beamlinesecently[1, 2]. SASexperi-
mentsareeasieto performandin closer-to-nativeeonditionsthan X-ray crystallography.
Therefore SASis in auniquepositionfor structuralbiologists andthe generalizatiorof in-
houseSAXSexperimentswill only strengtherthis position.

HoweverconvenientSASexperimentsre, theyonly providealimited amountof informa-
tion. Theyarethereforeoftencombinedwith otherexperimentgo reachatomicresolution
[3]. It isfrequentto extractanumberof parameterssuchasthe radiusof gyration,the Porod
exponentor the volumeof correlation[4+8]. Simpleparameterssuchasthosextractedrom
Kratky or Porod-Debyeplots,canbeusedto assestheflexibility of amacromoleculg9].
Whethertheseor other parametersareindependenof eachother,andhowtheyrelateto the
maximumnumberof independenpointsin a SASprofile [10+12]hasnot beenstudiedin-
depth.
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It is alsobecomingclearthat SASmeasuresonformationaldiversity[13]. More than 60%of
all articleson thetopic of SAXSensemblebavebeenpublishedn the lastfive yearsfollowing the
developmenbf anumberof methodsfor ensemblenodelling(EOM [14], MES[15], BSS-SAXS
[16], EROY17], SEY18] andBE-SAX319]. In thesemethodsthe SASprofile is almostalways
modelledasaweightedaveragef the profilesof theindividual conformationsThe different
methodgdiffer by the waytheyselecthe weights andthe numberof conformations.

Thesemethodsarebestsuitedto describeasmallnumberof well-definedconformations
presentsimultaneouslyn solution.However casesvhereconformationsvarycontinuously
from oneto the otherareto betreatedwith muchmorecare Asnotedearlyon [14,15],the
obtainedensemblés thenillustrativeof the diversityof possibleconformations.The number
of conformationsthesemethodsproposearethennot necessarilyo betakenasgranted,
becaus¢he conformationsareexpectedo haveastronginternal variability [20]. In that
respectEROY17] goedurtherin modellingcontinuousmotion, becauseachconformation
is alreadyanaverag@vera potentiallylargenumberof structuresYet,the numberof parame-
ters,whichin essencesthreetimesthe numberof atomstimesthe numberof structuresstill
becomewerylargefor suchsystemsandtherisk of overfittingis not negligible The most
promisingapproachn thatrespects therecentlyproposedBE-SAXF19]. It proposesgen-
erativemodelfor the protein ensemblditted on experimentaSAXSdata.This modeltherefore
controlsthe expansiorof the numberof parametersYetit is unclearhow that numberof
parameterganbeextractedrom it, andhowto summarizethe obtaineddistribution. Clearly,
additionalwaysto representontinuousconformationalvariability would bewelcomen the
field. A first stepis thereforeto describenow structuralvariability affectsSASprofilesin solu-
tion, whichistheaim of this article.

Materials and methods

Weusedthetwo 1 s MolecularDynamics(MD) simulationsof the lysozymedescribedy
Po-chiaChenandJochers.Hub [21], droppingthefirst 100nsin eachsimulation.We per-
formedthe mostlikely alignmentof theremainingframesusingTHESEUS22]. Thisalign-
mentproduceda clash-freanedianstructurefor whichthe medianatomicfluctuationwas

=0.5. It correspondgo thestructurein theinput whichis closesto the centerof the clus-
ter. Themedianstructureof thefirst simulationwastakenasthe centerstructurefor all analyt-
ical calculationgandFigs1and?).

Becaus&edo not wantto discusgheimpactof solvationmodelson the calculationsye
usedasinglemodel(FoXS[23,24]with ;=1and ,=0)to computethe SASprofilesof all
structuresof the simulationsmore accuratesolvationmodelsshouldhowevetbeemployedor
practicalapplicationsvhenlong MD trajectoriesareavailabld21,25+27]Wereferto thisas
the correlateddatasetThe numericalSASvarianceof the lysozymewasthen obtainedby com-
puting the variancematrix of theseSASprofiles.We do not expecibthersolvationmodelsto
beverydifferentfrom thetwo casepresentechere.

Extensionto intrinsically disorderedproteinswasperformedon the p15PAFensemble
[28], availablen the protein ensembla@latabaseinderthe accessiocodePED6AAA.We used
the experimentaprofile of p15PAF andthe 4939structurescomprisedn the ensemblelndi-
vidual SASprofileswerecalculatedvith FoXSusing ;=1and ,=0.63.

Results
Ensemble average and covariance of SAS profiles

In this article,werelatethe SASprofilesof conformersarisingnaturallyin solutionthrough
thermalmotion. We startwith the Debyeformula of the scatteringntensityatmomentum
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Fig 1. Lysozyme average SAS profile and standard deviation. Average SAS profile in blue dashed line,

left axis, in arbitrary units, Eq 6. Standard deviation in solid red line, right axis, in arbitrary units, square root of
Eq 11 with g; = g;. All calculationsuse =0.5 cand FoXS form factors with c1 =1 and ¢2 = 0 [23, 24].

https://abi.org/10.1371durnal.por.0177309.9g0L

transfer 4 sin/ (scatteringangle2 andwavelength ) for anatomicstructurecompris-
ing atomswhosecoordinatesiefinethevector

X X .ot

. T T T AT

“1 1
where isthe Euclideardistancebetweeratoms and and () istheform factorof atom
at [29]. Formfactorsusedin this formulamustincludevolumeexclusionrandsolventeffects.
Their definition is not atrivial taskandfallsoutsideof the scopeof this article.

Wenowtreat asarandomvectorhaving3 componentsTo modelthermalmotionwe
assumehat followsaNormal distribution aroundameanstructure with adiagonal
covariancamatrix suchthatatom hasvariancet 2 alongeachof its coordinatesThis simplify-
ing assumptiorallowsusto obtainanalyticaformulf; it isthe sameasthat usedfor the
Debye-Walletemperatureactors[30, 31]. We discusgeneralizationghereoffurther down.

Average intensity

Theaveragéntensityis computedby takingthe mathematicakxpectation(... ... tofthe
intensity () over . Usingthelinearity of the expectatiorin the Debyeformula(Eq1),we
have

X X ot
(oo 17 e ot (— ! .2t

&

.t

Thereforewe seekthe averagef for anypair ofatoms and . It canbeshownthatin

this casethedistance betweerthesetwo atomsfollowsanoncentral ! distribution with
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Fig 2. Contou r plot of lysozym e SAS profile correlati ons. The correlations are given by !(g;, q) (Eq 10).
Rg =15.2 c. Smallest correlation is -0.28 and is indicated by a blue dot. Calculations use =0.5 cand FoXS
form factors withcl=1and c2=0[23, 24].

https://abi.org/10.1371durnal.por.0177309.902

threedegree®f freedomwhoseprobability densityfunction is

: . 1 g i
we )l sttt op 3 i—z 3t
2p.. &t t2t 2..4F t2t 2..4% t2f
where isthedistanceobtainedwhenthe atomsareattheir averaggositions(seeS1Text).
Without anyapproximationwethushave
2 2
8 0 ( T ot 2tﬂ;t 4t

Thisequalitycanthenbeinsertedin the Debyeequationto yieldthe SASprofile of the ensem-
ble of conformationscenteredatstructure  describedy the normalrandomvariable, now
referredto as

X X X
(... t° Lt g e Ty 1 % st
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In the simplecasavhereeveryatomhasthe samevariance 2, wehave

X
(... 1 L .61

"1

Thisresultwasobtaineddifferentlyin 1932by R.W. Jame$32], asrecentlyrediscoveredby
P.B.Moore[33],whogeneralizedt to anisotropicmotion ( . ., arbitrary diagonalcovariance
matrix for ). It makesclearthatthe SASprofile of the thermalensembleleviatesrom that of
its centerstructurefor momentumtransfervaluesaroundandabovel/ . For 1, this
effectis not within the measurableangeof valuesHowever,in systemsvith largedomain
movementgor which 1, thiseffectbecome®f primeimportance.Thefactthat multiple
differentconformerscoexistin solutioncanthenbecapturedoy SASexperimentsindeed,the
SAScurveof isthennoticeablydifferentfrom that of thethermalensemble.

In addition, supposehat our systermadoptstwo differentconformations and , andthat
eachof thesds subjecto thermalmotionswith deviations and suchthat . This
canhappenfor examplewhenthe systems madeof two domainsconnectedoy alinker;
would bethe statein whichthe two domainsarein contactalongawell-definedinteraction
surfaceand would bewhenthedomainsdon't interact. Then,assumingho interactions
between and particlestheaveragéntensityis aweightedsumof theintensitiesfor and
, eachof themgivenby Eq6. At low angle the SASprofile containsinformation from both
conformations However becaus¢he SASintensitiesdecaymuchfasterfor large valuesthe
SASprofileof  will dominatethatof athighangle(assuminghe populationsof and are
comparable)Thereforejn SASthehigher getsthemorewefocuson well-definedconfor-
mations.Therecanbeanumberof them,but theymustbewell-defined On the contrary,con-
tinuousconformationalvariability is morelikely only to benoticedatlow values.

Variance and correlation

In anycasebecauseonformationsof athermalensemblarerelated thereexistanumberof
rulesthatlink their SASprofilestogether.The SASprofile of onesuchconformationcannot
deviatefrom Eqg5in anarbitraryway.Thisis whatwe now show,by computingthe covariance
9...... LT N T .t (... Tt (..... Ttbetweerthe SASprofileat and
For this purposeweagainusethe Debyeformula (Eq 1). The expectatiorof a product of
intensitiesis

|

X X ot
( t ...t S S R I i 7t
Then,wenoticethat
| |
t T T T
( ( ( 8t
when,,, describdour differentatoms.Thereforethetermsthat do not cancelbut of the
covariancecalculationarel)when = and =, .., thecovariancef adistancewith itself,
whichwecall ; and2)when = and 67, ..thecovariancdetweertwo dis-

tanceghatshareacommonatom,whichwecall

First,similar to the calculationof the averagéntensity,the autocovarianceanbegivenin
closedorm. It howeveleadgo aformulathatis numericallyunstablg34]. Secondthe cross-
covariancecannotbecomputedin closediorm becauséhe probability densityfunction of the
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bivariatenoncentral ! distribution is not known. Speciatasexistfor the bivariatenoncen-
tral 1° probabilitydensityfunction [35] andthe characteristidunction [36], but the expecta-
tion still cannotbecalculated.

Wethereforeseekan approximationto this distribution. A certainnumberof approaches
exist[34,37],but weuseamoredirectone(seeS1Text).It is basedn aseriesexpansion
whenall distancegremuchlargerthan . Thebivariatenoncentral ! distribution isthen
approximatedasa bivariatenormal distribution with meanvectord’ andcovariancenatrix S

0 1
t2f t2 |

. i ottt t2 n?
e y , b en n —— .9t
il nt2  t2%t

Usingthis approximation,andto seconcorderin / , wecanexpresshe correlationandthe
covariancdetweerthe SASprofileat and (seeS2Text)

9...... Do
r... t ¢ i I ... 10t

9...... T, L1t oy T w1 L1t
X X
o B N | S S B | A2t
-
X X X
o 1 S B o1 ot W T .13t
6" 6";
ST ARt s tsal f .14t
s TN GTE s fsal f ...15%
st~y .16t

In all casesvestudied the standarddeviation(SD) hasthe characteristichapeof Fig 1
(solidredline, seealsoS3Text). The SDstartsat zero,consistentvith thefactthat (0) is pro-
portionalto the numberof electronsandis not impactedby conformationalchangeslt then
quicklyreachesmaximum,andthendecreaset® aplateauOn arelativescaleherefore the
standarddeviationrepresentsinon-monaotonicallyincreasingproportion of the scattered
intensity. Thisfinding is consistentvith thosediscussedor the averagéntensity (Eq5),
in thatthe conformationaldiversityis capturedat wide anglesWe do not expectifferent
hydrationmodelsto producesignificantlydifferentstandarddeviationsunlesshey
hydratedifferentconformersof the ensemblén adifferentway.However,in the mostrealistic
cases;hangesn conformationshouldcausehe solventshellto rearrangeThewaterdensity
wouldthereforebeimpacted Consequentlythe standarddeviationat (0) couldbebe
nonzero.

We now focuson thethe correlationstructureof the sameSASprofile (Fig 2). In all cases
westudied correlationsarestrongcloseto the diagonal andvanishwhenpointsarefar apart.
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It is alsofrequentto observeatleastonebasinwith negativecorrelations.Thefactthat points
thatareclosetogetherarehighly correlatedwvasexpectedindeed this observatioris asimple
consequencef the predictablenatureof SASprofileson veryshort scales.

Converselypointsthat arefar apartseento belargelydecorrelatedThis factdemonstrates
the hierarchicahatureof SASprofiles[38]. Beinga Fouriertransform,the SASprofile
describesheshapeatlow angle At higheranglejt startsdescribingthe quaternarystructure
andsoforth. What theseresultssuggestis that SAScompartmentalizethesedescriptions.
Althoughindividual atomshaveanonzeroscatteringcontribution alongthe wholerangeof

valuescollectivelyadifferenttrend emergest-or examplechangeén the quaternarystruc-
ture that do not modify the overallshapewill not affectthe onsetof the SASprofile.

Another striking featurethat canbeseerin Fig 2 is that the bandwidthof this correlation
matrix variesalongthe diagonal Thus,neighboringpointswill bemoreor lesscorrelated
dependingon their absolutepositionalongthe SASprofile. Thatis, the densityof independent
pointsalonga SASprofile changess changesin information theory,the mutualinforma-
tion of two randomvariablegjuantifieshow muchinformation onecarrieson the other.If we
taketwo neighboringpointsalongthe SASprofile, their mutualinformation is

ot 2 1 r.; F ATt

If themutualinformationishigh, and arestronglyrelated.andconsequentlyheinforma-
tion contentof the SAScurveis lowerin thatregion.But!( , ) isdirectlyrelatedto theband-
width of the correlationmatrix. Thereforetheinformation contentis not uniformly
distributedalonga SASprofile, andis largerwhenthe bandwidthis smaller.

In all casestudied(seealsoS3Text),thebandwidthislargeatlow , becomesninimal
between" 4 * 3 6andthenbroadensagainathigher , suggestinghattheinformation
contentfollowsthe oppositetrends.This resultconfirmspracticalobservationshat the mid-
range(" 4 * 3 6)isthemostusefulin structurerefinementwhile high-, althoughbenefi-
cial,isnot asvaluabldg39].

Extension to correlated motion

Theanalyticaimodeldescribeduntil now makeghe simplifyingassumptiorthat thermaliza-
tion inducesindependentandomnormal displacementfor eachatom.Suchanassumption
hasstronglimitations [33,40]. In particular,movementsn solutionareanisotropic,do not
follow anormaldistribution, andstrongcorrelationsbetweeratomsor evenprotein domains
canbeexpectedTo alesseextentthe bivariatenoncentralchi distribution mustbeapproxi-
matedto still obtainanalyticakesults. This second-ordeapproximationimpliesthatthe
resultingcovariancdormulfiare not exacthut nonethelesseryclose andin anycasenegligi-
blecomparedo that of the anisotropicmotion. In anycasemorerealisticrepresentationsf
thermalizationcanbeobtainedwith moleculardynamicgMD) simulationsWe usedthetwo
1 s simulationsof the lysozymeadescribedy Po-chiaChenand JocherS.Hub [21], from
whichwecalculatedhe variancematrix.

Trendsin the standarddeviationsaresimilar betweercorrelatedandindependenimotion
(Fig 3). We seehoweverthat standarddeviationsareup to threetimeslargerfor correlated
motion thanfor theindependentaseTheyreach4%of the SASmeanintensityon average,
andcangoupto 7%at =0.28 ! in thisexampleTheseproportionsarecomparablavith
the experimentahoiselevel,whichcommonlyrangesrom 0.1%to 10%in currentexperi-
ments.This observatiorsuggestthat somestructureswhich arisenaturallythroughthermal
motion, canhavea SASprofile that is noticeablydifferentthanthat of their relatives.
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Fig 3. Lysozyme standard deviation compar ed to signal and noise. Standard deviation of correlated
motion (i.e., first MD simulation) is dashed red line (see text for calculation). Standard deviation of
independent motion (square root of Eq 11 with =0.5 c)is bottom solid red line. For reference, the
experimental SAXS profile of the lysozyme (top) and its standard error (bottom) are shown in blue (bioisis
code LYSOZP). Average SAS profile in the case of independent motion: top solid red.

https://abi.org/10.1371durnal.por.0177309.908

Theyare,howeveryelatedthroughasetof ruleswhichwenow describeby looking atthe
correlations(seealsoS4Text). Again,the correlateddatasets verycomparabldo theindepen-
dentone.It hasapproximatelythe samedocationfor the smallestorrelationandthe mostnar-
row bandwidth.Howeverwecanobservehat 1) the smallestorrelationis roughlytwiceas
large,2) the bandwidthis smalleroverall,and 3) newcorrelationextremaappeatbetween
mediumandhigh- . Wedo not expecthejustdescribedeaturego changesignificantly
betweertwo hydrationmodels.S4Textshowshe correlationmatrix obtainedfrom asecond
MD simulation.It isreasonabléo expecthatachangdn hydrationmodelwould not cause
largerdifferenceshanthoseobservedetweerthesewo simulations.

Thedepictedcorrelationscanbeunderstoodasforming asetof rulesthat mustbesatisfied
by the SASprofile of anystructurewithin thethermalensemblelt comeso no surprise,
thereforethat the regionwhich hasthe highestcoefficientof variation( =0.28 *)is
theonewhichis alsothe mostconstrainedoy the correlationslIf in someconformersof the
thermalensemblethe SASprofile deviatedy 7%from the ensembl&SASprofile, thenin
doingsoit mustalsodeviateboth atlow andhigh in adirectionthatis dictatedby the
covariances.

As canbeseenthevariancegrowswith the squareof the atomicmotion (Egs14and15).
Forthelysozymewith correlatedmotion, thesevariancesrecomparabldo experimental
noiselevelsForintrinsically disorderedproteinsin which atomicmotion is anorderof mag-
nitude larger this effectdominateshe noise,asshownin the caseof p15PARFig 4, seealso
S5Text)[28]. Thereforethe SASprofile of suchaproteinis not astaticsnapshobf oneof its
conformersput insteadcapturests wholeconformationalcomplexity.

PLOS ONE | https://doi.org/10.1371/journal.pone.0177309 May 11, 2017 8/13



@° PLOS | ONE

SAS profile correlations reveal SAS hierarchical nature and information content

Fig 4. p15PAF experimen tal SAXS profile and ensemble average SAXS profile. p15PAF profile [28]
(PED code PEDGBAAA) iB blue; Ensemble average SAXS profile in thick red (Eq 6). 68% (1 1)confidence
intervalinred,( 6 11). The deposited ensemble contains 4939 structures. Individual SAXS profiles
were calculated using FOXS with ¢1 =1 and ¢2 = 0.63.

https://cbi.org/10.1371durnal.por.0177309.g04

Discussion

In this article,we describeheinfluenceof continuousconformationalchange®n the SAS
profile of aprotein ensembleTo computethe quantitiesderivedin this article,anatomicor
pseudo-atomienodelof the proteinis neededTheydescribehowthe SASprofile of astruc-
tureismodifiedif it is allowedto beflexible.TheresultingSASprofile then containsinforma-
tion on the conformationaldiversityaroundthat structure.It is howevemperfectlypossibleghat
this ensemble&sASprofile bereproducedby asingle differentstructure.lt is up to the model-
ing expertto determinewhetherit makessenseo includeconformationalfflexiblity in the
modelingor not. However jf the flexibleensembleandthe other singlestructurebothfit an
experimentaprofile equallywell, Occam'sazorwould callfor adescriptionof the systenby
thesimplermodel. Therefore and asalreadynotedby others,ensemblemodellingshouldonly
be performedif no satisfactonsingleconformationcanbefound.

In the secondpart of this article,the describedsAScovariancegreobtainedthroughalong
MD simulation.Caremustbetakenthatthis simulationis representativef the conforma-
tional diversityin solution.Multiple simulationsshouldthenyield the samecovariancematrix.
Unfortunately,evenfor verylong simulations suchasthe onesusedhere,smallcorrelations
areverydifficult to convergeln our casethe secondysozymesimulationhasthe sameoverall
covariancestructureasdescribedtrendsin thevariancesbehaviourof the bandwidth,loca-
tion of the globalcorrelationminimum); but thereareanumberof differencesswell: Stan-
darddeviationsareup to four timeslargerthantheindependentaseandreachup to 10%of
the SASmeanintensityat =0.27 . Also,correlationsbetweermid andhigh- rangeslo
not stabilize(seesupportingmaterial).We suspecthat thesadifferencesaremainly dueto the
factthat the secondsimulationhasanenhancedoop motion [21].
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We howeverhopethatit will bepossibldo measuresuchamatrix experimentallyalleviat-
ing the needfor anatomisticmodelof the protein. Throughfreezingof the particlesin space
with cryo-SAXg41], it shouldbepossibldo measureSASprofilesof subset®f thethermal
ensembleandtheninfer the SAScovariancdrom them.This approachwould work if the
solutionis sufficientlydiluted sothatthe beamcaninteractwith asmallnumberof molecules,
detectingfluctuationsfrom thermodynamicaverageshroughfreezingin time with the X-ray
freeelectronlaserthe coherencef the beammight allowto reconstructhe SAScovariance
directly,asalreadydescribedhreedecadesgo[42+44].In essencesincefor this experiment,
the scatteringpatterncollectedon the detectoris not radially symmetric,correlationsbetween
andwithin annuli couldberelatedto thoseof the SASprofile describedn this article.We
thereforehopethat future developmentsvill makethe measureof SAScovariancepossible.

Conclusion

In this article,wehavestudiedSASprofile correlationsWe haveshowntheyrevealthe hierar-
chicalnatureof SASprofiles.We providedevidencahat someportionsof the experimental
SASprofile areaffectedby ensemblaveragingNote that the SASprofile correlations
describecherehavenothingin commonwith thoseestimatedn arecentarticle,whichare
correlationsof the noiseof SASexperimentg45]. We,instead estimatethe correlationsthat
arepresentwithin the signalitself.

First,asimpleharmonicmodelof thermalmotion allowedto obtainanalyticalexpressions
for the correlationbetweertwo pointsin a SASprofile. Secondthe analysif recentlypub-
lishedmicrosecondVID simulations[21] allowedusto seethat mosttrendsin the correlations
areconservedvhenthermalmotion is modelledwith morerealism.Third, onthe p15PAF
structuralensemblg28], SASprofilesof differentconformationswithin thatensemblaliffer
morethanthe experimentakrror barat . Ensembleaveraginganthereforebemeasuredn
thatregion.Last,webelievehatthesecorrelationscould bemeasuredxperimentallywith the
helpof cryo-SAXSor free-electroriasers.

Our developmentshowthat SASprofilesarehierarchicaljn the sensehat successive
regionsof the SASprofile aredecorrelatedWithin theseregionshoweverthe knowledgeof
SAScorrelationss essentialo correctlydescribehighly flexiblesystemssuchasintrinsically
disorderedproteins.We believethatin thesesystemsthe SASprofile aloneis not enoughto
graspthe system'slynamics.
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